For a finite-dimensional Lie algebra L over a field of characteristic 0, the structure of the Hopf algebra of representative functions of L, ^(L), is known in some detail from Hochschild, Illinois J. Math., 1959 and 1960. Depending on these results, we demonstrate sufficient conditions for a Hopf algebra over an algebraically closed field of characteristic 0 to be isomorphic to ^f(L) for some Lie algebra L.
Our Theorem 2.1 gives sufficient conditions for a Hopf algebra A to be isomorphic to the algebra έ%f(L) of representative functions for some Lie algebra L, and describes how L may be obtained. To accomplish this, we rely on Hochschild's results concerning the structure of 34f{L) in [2] and [3] . For Theorem 2.1, suppose A is a Hopf algebra over an algebraically closed field of characteristic 0 such that (1) A is an integral domain, (2) there is a group isomorphism p from the additive group of the primitive elements P of A onto the multiplicative group Q of the group-like elements of A, (3) there is a finitely-generated subalgebra B of A such that A is a free jB-module with basis Q and y(B) c B 0 A, where 7 is the comultiplication of A, and (4) the semisimple part B s of B is a Hopf subalgebra of A and has no proper affine unramified extension in any Hopf algebra containing B s . Then if L is the Lie subalgebra of the differentiations on A consisting of those differentiations λ satisfying X(p(p)) = X(p) for all elements p of P, A & £{f (L) .
The preliminaries which follow define essential concepts and describe the dualization process by which £έf(L) is obtained from the universal enveloping algebra of L. Following the statement of Theorem 2.1, the remainder of the paper, the subsequent propositions, contribute to the proof of Theorem 2.1.
Since A is a Hopf algebra, the elements of A may be regarded as representative functions of the Lie algebra of differentiations on A f and hence by the restriction map, as representative functions of L. In Proposition 2.2, we show that the map A -• £έf{L) so defined is injective by an argument which in effect shows that the restriction of L is algebraically dense in any finitely-generated Hopf subalgebra of A containing B. The remainder of the paper shows that our map A -> έ%f{L) is surjective. Proposition 2.3 shows that the image of B 8 is that portion of Sίf{L) annihilated by the radical of L by left translation. Proposition 2.4 shows similarly that the image of F [P, Q] is the portion of 3ίf{L) annihilated by [L, L] by left translation.
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In the proofs of the two propositions just named, the arguments are concerned with a finitely-generated Hopf subalgebra of A containing B, so the standard results of affine algebraic group theory are available. Lemma 2.5 is a technical result based on decomposition of submodules of έ%f (L) . This contributes to an induction argument that completes the demonstration that our map A -> βg?(L) is surjective.
We rely on [4] for notation and basic results in the theory of affine algebraic groups, and on [6] for results concerning pro-affine algebraic groups. Analogous results were obtained for complex analytic groups in [5] . This paper is a revised version of the author's doctoral dissertation. The author wishes to express his gratitude for the many suggestions offered by Dr. G. Hochschild, his disseration advisor. The referee has also made a number of helpful suggestions. 1* Preliminaries* Let L be a Lie algebra over a field F. An element of the dual space of the universal enveloping algebra ^(L) of L which vanishes on an ideal of finite codimension is a represen-
and f-^f-u are termed left and right translations respectively. An algebra will be assumed to have an identity element and a Hopf algebra an antipode. A Hopf algebra structure may be defined for ^(L) and the algebra and Hopf algebra structures of έ%f(JJ) are induced by duality. The comultiplication of ^(L) is the F-algebra (d(u) ). Since d is cocommutative, the algebra multiplication is commutative. If the elements of β^(L) (x) ^f(Jj) are regarded as elements of the dual space of ^(L) (g) ^(L) in the natural way, the comultiplication 7:
defined for λeL by z(X) = -λ, and for /eJT(L) the antipode ζ is given by ζ(/) = /o«. Details for the above are found in [7] .
Let A be a Hopf algebra with comultiplication 7, counit ε and antipode z over a field F. The F-algebra homomorphisms A -> F constitute a pro-affine algebraic group labeled &{A) f with group operations given by g ± g 2 -(g 1 (x) g 2 ) © 7, g-1 = g o z and 1 G = e. If A is commutative and finitely-generated as an algebra, i.e., affine, &(A) is an affine algebraic group. The ^-multiples of the identity element of an algebra or Hopf algebra will be termed constants. 
Label as L the Lie subalgebra of £f(A) consisting of those elements λ which satisfy X(p(p)) = X(p) for all peP. Then A is isomorphic to
Before starting the proof, we remark that the necessity of (l)- (4) Since F is an algebraically closed field of characteristic 0 and A is an integral domain, fϊ(£f{A)) separates the elements of A, hence the canonical map θ: A -» £&? (£(*(A) ) is an injection. We define the Hopf algebra map Φ:
In what follows, we shall identify an element a of A with its image by θ and write a(u) or u(a) for ε(u a).
We show PdB.
Let p be a primitive element of A. Then p = &o + Σ bwhere b 0 and each b q are elements of B, and for each q,qφl.
We thus have j(p) = l®j> + p®l = y(b 0 ) + Σ yφ q )(Q <8> ?)• Since B is left stable and the elements of Q are free over B, necessarily 7(60)
Let δ be a differentiation on A. To demonstrate the existence of an element λeL which coincides with δ on B, define first λ(5) -δ(b) for all beB.
Since PcB and p:P-+Q is a bijective map, λ may be defined on Q by Mp(p)) = δ(p) = λ(p). This is verified to determine a differentiation on F[Q] since for any group-like element q of ^4, if ε is the counit of A, ε(q) = 1. Since A = i? (g) FfQ], *» * s a differentiation on A, and evidently \ B = δ B and λeL.
By the argument of [5, pg. 1145 ], which we don't repeat, if C is a fully stable subalgebra of A containing B, then C = B [Q Π C] .
Observe that for arbitrary elements p e P and qeQ, ) = 0 .
Thus [£f(A\ ^(A)]cL and L is an ideal of £f(A).

PROPOSITION 2.2. The kernel of Φ is (0).
Proof. Label the kernel of Φ by /; I is an ideal of A. Assume / is not (0) and let a = ΣΓ=i b t Qi e -B[Q], with each &< ^0, be a nonzero element of / chosen with n as small as possible. Since aqϊ 1 e /, we may assume q 1 = 1. Let C be the smallest fully stable subalgebra
, gj is finitely-generated, C is also finitely-generated. Since C contains B, the definition of the Lie subalgebra L of Sf{A) implies that the restriction map L-^Lc is injective. Label S^(C) by G and let G L be the smallest algebraic subgroup of G whose Lie algebra contains that (g bja -b^g-a) -0. Hence for all i between 2 and n, (g b t )bi(l β ) = b^g-b^q^g). Evaluating this expression for g = 1 G , we obtain:
For the duration of this proposition, for any element ceC, we shall denote the restriction C GL by c\ Since 6i(l ff ) = 1, α ^ & 2 , so w > 1.
There exists peP such that p{p) = # 2 ^ 1, and thus p =£ 0. Then for i -2, we may write (1) ', p(pY, p(-PΪ] such that δ(p') -1 and δ(^(p)') = δ^-p)') -0. Since F [p\ p(pY, p(-pY] is fully stable, applying first Theorem 6.4 and then Theorem 7.5 of [4] , one shows that δ may be extended to C".
Assume that p f and p{pY are algebraically dependent. ^{^f{A)) separates the elements of A and any primitive element of A annihilates F and ^f{Af^{^f{A)).
Since p Φ 0, there is necessarily a σe^f(il) such that σ(p) = 1. Choose veL such that v 5 = σ B , then v(p') = v(p(pY) -1. Translating on the left by v, we obtain a derivation Z) on C"; D(p') = v p' = 1 and D{p{pY) = v ^p)' = p(p)'. By assumption, we have polynomials fi(t)eF [t] such that:
1=0
We choose m as small as possible with not all f t = 0. Since [pipYY we In this case, if f Q (t) is of degree r, applying D r -1 times to f Q (p') = 0, we obtain p' = 0, a contradiction, so p f and ^(j/) are algebraically independent.
Let S be a differentiation on C such that δ(p') Φ δ(p(p)') and let π be the restriction map C -> C". Then <5 o 7Γ is a differentiation on C. On BaC, δoπ coincides with some element XβL.
Moreover, since p(p) r eB', a b eB exists such that 6' = p(p) f . Since λ annihilates the kernel of π, λ induces a differentiation λ° on C" such that λ° oπ = λ; for any ceC, λ°(c') = λ(c). Therefore:
. This is contrary to the definition of L, so the assumption that I is nonzero is false. This completes the proof of Proposition 2.2. Let G and G f be connected affine algebraic groups over an algebraically closed field of characteristic 0. Then a rational surjection G' -> G with a finite kernel is a group covering of G, and G is simply connected if every group covering of G has a trivial kernel. PROPOSITION 
Φ(B S ) = βίf(L)
N .
Proof. Let B* be the smallest fully stable subalgebra of A containing B. Then 5* is finitely-generated, hence the fully stable sublagebra B s of B* is also finitely-generated. Label the representation of j5f(A) on B s induced by left translation as τ. From the bistability of B s it follows that / annihilates B s by left translation so /cker(r).
From condition (4) Let a be an element of V such that σ(p) = 1. Let E be the Falgebra of F-linear endomorphisms of H < §^(K) that is generated by left translation by σ and multiplication by elements exp(αp). We shall show in two stages of induction that for any nonzero element u of H Sίf(K), there is an element e of E such that e(u) = 1. First consider an F-linear combination of elements exp(αp), say x Σ ?=i/3iexp(αj>), where each a if βiβF and the a/s are distinct. If k = 1, an endomorphism e such that e{x) -1 clearly exists. If k > 1, then s x -a k x is a linear combination of k -1 elements, so the result follows in this case from the induction assumption. Now consider u = Σ?=o x%P l with each x t a linear combination of elements exp(αp) and x n Φ 0. Our result is known in the case n = 0. If n > 0, pick an element e of E such that e(x n ) = 1. Then a straightforward calculation shows that e(x n p n ) = p % + {terms in smaller powers of p}, so e{u) = p n + ΣS 1 X'Φ*, with the x\ being new linear combinations of the exponentials. Translating by σ, σ e(u) = (n + σ-x' n -^p n -χ + {terms in smaller powers of p}. Since σ x^ cannot be a constant other than 0, σ e(u) has degree n -1 in p. Hence the desired conclusion follows from the inductive hypothesis.
Let C be any left F-stable Therefore the inductive hypothesis and Lemma 2.5 give 
